Abstract. We define a family of differential operators indexed with fixed point free partitions. When these differential operators act on normalized power sum symmetric functions q λ (x), the coefficients in the decomposition of this action in the basis q λ (x) are precisely those of the decomposition of products of corresponding conjugacy classes of the symmetric group S n . The existence of such operators provides a rigorous definition of Katriel's elementary operator representation of conjugacy classes and allows to prove the conjectures he made on their properties.
Introduction
Let λ = (λ 1 , λ 2 , . . . , λ k ) be a partition of weight n and length (λ) = k, i.e. a finite non increasing sequence of k positive integers λ 1 ≥ λ 2 ≥ · · · ≥ λ k summing up to n. We write λ n or |λ| = n, and λ = 1 1 2 2 . . . n n when i parts of λ are equal to i (i = 1 . . . n). Given a permutation σ ∈ S n we denote by c(σ ) its cycle type, that is the partition giving the length of its cycles. Conversely, given a partition λ = (λ 1 , . . . , λ k ), the canonical permutation π (λ) of cycle type λ is the permutation with cycles (λ 1 + · · · + λ i−1 + 1, . . . , λ 1 + · · · + λ i ) for 1 ≤ i ≤ k. Classically, to a partition λ, one associates the conjugacy class C λ , that is the set of permutations of cycle type λ, and following [15] we write z λ = 1 1 1 !2 2 2 ! . . . n n n !, so that |C λ | = n!/z λ .
Let Q[S n ] be the group algebra of the symmetric group over the field Q of rational numbers and let Z n be the center of this group algebra. The formal sum K λ = σ ∈C λ σ of the permutations in a conjugacy class C λ belongs to Z n , and the set {K λ } λ n of these formal sums forms a linear basis for the center Z n .
Here we consider K λ or C λ as an operator acting on Z n by multiplication. The multiplicative structure of Z n has been extensively studied in terms of connexion coefficients [5, and ref. therein] , also called structure constants [7, 17, and ref. therein] . These coefficients are defined for all triples of partitions (λ, µ, ν) of n by
In a set of conjectures presented at the conference FPSAC'98 [13] and derived from previous weaker conjectures [10, 12, and ref. therein], Katriel looks for expressions of the conjugacy classes as sums of some loosely defined elementary operators. Many examples of explicit expressions of conjugacy classes indexed by small partitions in terms of these elementary operators are given in [13] and conjectures are made on the form of the coefficients. In particular, Katriel requires his expressions to depend only on the reduced cycle type: the reduced partition of a partition λ = 1 1 2 2 . . . k k is the partition λ = 2 2 . . . k k , and the reduced cycle type of a permutation is defined accordingly. A partition is reduced if it is equal to its reduced partition, that is, if it contains no part equal to 1.
In order to define rigorously Katriel's elementary operators we use a representation of the action of conjugacy classes on Z n by an action of differential operators on the space of symmetric functions. Once stated in this form (Definitions 3 and 4) the various observations of Katriel on this representation are relatively easy to prove: our main result (Theorem 1) completely settles the conjectures of [10, 12, 13] . Our approach is reminiscent of Goulden and Jackson's use of differential operators in slightly different context (see [5] and ref. therein). Since these results were presented at the 12th International conference on Formal Power Series and Algebraic Combinatorics [8] , Lascoux and Thibon have shown that the differential operators that we introduce in an elementary way can also be constructed at a more algebraic level using Gaussian integrals of complex square matrices and vertex operators [14] .
Apart from considering the operators themselves, as we do here, Katriel also formulated conjectures about their eigenvalues, that is the central characters of the symmetric group [9, 11] . Remarkably, this approach also leads to a representation of the structure constants c ν λµ but this time as linearization constants for a new basis of non homogeneous symmetric functions [2] . Finally it should be mentioned that similar ideas can also be applied to the calculus of inner tensor, or Kronecker product, of irreducible representations of the symmetric group, with interesting combinatorial consequences ( [6] and [4] ).
Symmetric functions
Let x = {x 1 , x 2 , . . .} be a set of indeterminates and let = Q [x] be the ring of symmetric functions in x 1 , x 2 , . . . over the field Q of rational numbers. The power sums symmetric functions p λ (x) are defined by
The ordinary scalar product < , > on is defined on the linear basis { p λ } λ by:
where δ λ,µ is the Kronecker delta. We need the differential operators p λ ⊥ known in the literature as Hammond's operators (see [15] or [16] ) obtained from the following definition:
Definition 1 For any symmetric function f ∈ , let f ⊥ be the adjoint operator to the multiplication by f in λ with respect to the scalar product < , >:
In particular the operator p λ ⊥ is conveniently described as a differential operator on :
The use of such operators in relation with connexion coefficients is not new and can be found for instance in [5] . We are interested in representing the multiplication by a conjugacy class as an action of an operator on the space of symmetric functions. More precisely, we consider the normalized power sums functions q λ = p λ /z λ with the property that q = {q λ } λ is an orthogonal basis of , dual to { p λ } λ . Given a partition λ, we look for an operator G λ acting on the basis q and satisfying the condition
where
Here is a trivial way to do this:
From this definition and the orthogonality relation p ⊥ λ · p µ = z λ δ λ,µ for partitions of the same weight, it is immediate that for any partitions µ, λ of n
The operators G λ are not very interesting because their definition uses the structure constants c ν λµ which they are meant to produce; however they provide an easy introduction to what we mean by representing the multiplication in Z n by the action of an operator on symmetric functions.
Our aim is to define a more interesting family H = {Hλ}λ of operators, indexed with reduced partitionsλ and satisfying
Restricted and extended permutations
In order to define our operators Hλ, we need some elementary results on restricted permutations. Conversely, given a permutation σ 0 of S p , we shall use two ways to extend σ 0 to a permutation of S n . First, given a composition i = (i 1 , . . . , i p ) with i j ≥ 1, we are interested in permutations obtained from σ 0 by inserting a block of size i j − 1 after each point j ∈ [ p] to obtain a permutation of size n = |i|. Let σ ↑i 0 denote one of these permutations. Second, For p ≤ n, any permutation σ 0 of S p can be extended naturally to a permutation σ ∈ S n by adding fixed points to σ 0 : σ (i) = i for i > p. We call σ the natural extension of σ 0 in S n . In this way, σ 0 ∈ S p acts by left multiplication on S n through its natural extension σ . Observe that for any partition λ, the canonical permutation π (λ) is the natural extension of the canonical permutation π(λ).
The operator Hλ and Katriel's notations
We give two equivalent definitions of the operators Hλ.
Definition 3
Letλ be a reduced partition of weight p, and recall that π (λ) denotes the canonical permutation of cycle typeλ. Then the operator Hλ : → is defined by:
The fact that the cycle type of ρσ depends only on the composition i = (i 1 , . . . , i p ), and not on the elements inserted in σ 0 to give σ , is a consequence of the previous discussion on restricted permutations. The operator Hλ is closely related to Katriel's bracket operators (which are not defined with complete rigor in his papers). A simple variation on his notation is:
where the brackets [ , ] denote multisets of integers (i.e. partitions up to reordering). A further simplification of this notation (even closer to Katriel's) is to replace each variable by its index and write sums as cycles:
Let us rewrite Definition 3 with this notation:
Definition 4 Letλ be a reduced partition of weight p, and recall that π(λ) is the canonical partition of cycle typeλ. Then
Finally, Katriel conjectured a symmetry in the coefficients, which allows the introduction of a last notation:
Examples We keep the intermediate notation which we find more descriptive.
H Katriel's global conjecture in [13] is that K λ "=" Hλ. More formally, we shall prove the following theorem.
Theorem 1 (Global Conjecture) Let λ, µ and ν be partitions of n, then
Observe that applying a permutation of indices in an elementary bracket operator does not change it. Collecting terms that are equivalent under relabelling of indices, one can form a sum over "distinct" elementary operators (see examples). The coefficient of each elementary operator is thus given an immediate interpretation, in accordance with the central conjecture of Katriel in [13] .
Finally an immediate consequence of Definition 4 is that the expansions Hλ= µ,ν a ν µ,λ × p ν p ⊥ µ , are symmetric in µ and ν. In terms of Katriel's notation, this proves that each non symmetric elementary operator P | Q appears with the same coefficient as its mirror image Q | P , so that, as conjectured again by Katriel, the notation P | Q can be systematically used.
Proof (of Theorem 1):
Let p = |λ| be the weight ofλ, ρ 0 = π (λ) the associated canonical permutation, and ρ its natural extension in S n , so that ρ = π (λ1 n− p ). On the one hand,
Since the support of ρ, i.e. the set of elements moved by ρ, is included in [ p] , the discussionFinally, taking the coefficient of q ν in the above identity, we obtain
Families of connexion coefficients
For a reduced partitionλ, let Kλ(n) be the sum in Z n of all permutations with reduced cycle typeλ if n ≥ |λ|, and 0 otherwise. Letλ,μ be reduced partitions and define the coefficients cνλμ(n) by
In [3] Farahat and Higman prove that these coefficients are polynomials in n. This also follows from Theorem 1: let k (resp. h) be the largest part ofμ (resp.ν), and apply the elementary operator Hλ to qμ 1 n−|μ| ; the non-zero contributions are of the form
where α and β are partitions of length |λ| having parts of size at most k and h respectively. There are finitely many such partitions and the contribution of this term is a polynomial in n of degree a 1 , the number of 1's in α. Theorem 1 is a generalization of this result in the sense that it proves that other families of coefficients are polynomials in n. For instance, for any reduced partitionλ with even weight, the coefficient
is a polynomial in n. The expression of H 2 2 presented before gives
It should be observed that, while Theorem 1 yields a general proof that the coefficients ᑿλ(n) are polynomials, the actual computation of these polynomials is often easier by elementary techniques. For instance we claim the following.
Proposition 1 For positive integers k and n such that k is even and k ≤ n/2 we have
ᑿ 2 2k (n) = H 2 2k q 2 n [q 2 n ] = 1 2 2k (2k)! (2k)! k! p 2 2k p ⊥ 2 2k q 2 n [q 2 n ] = K 2 2k (2n) · K 2 n (2n)[K 2 n ] = n 2k (2k)! k!
